I. INTRODUCTION
The methods to analyze and synthesize pulse-formingnetworks (PFNs) were described by Guillemin in his 1944 paper [1] , and then by White, Gillette, and Lebacqz in 1948 when they reframed Guillemin's original concepts [2] . Guillemin solved the Fourier series problem with fitted functions at step discontinuities (Gibbs phenomenon) by removing the discontinuity and suggesting the use of continuous transitions. His work is frequently cited in the design of type A, B, C, D and E PFNs. The synthesis of types A and B from a C network is readily performed using Cauer or Foster circuitsynthesis techniques performed on the driving-point impedance function. However, type-E PFNs require the negative inductances from the type D and are much more difficult to realize analytically.
Notwithstanding the difficulty in synthesizing these types of networks, Guillemin calculated and showed examples of five-section PFNs including types D and E [1, 2] . Due to what he referred to as "…the computational labor may be quite heavy…" he recommended approximations to the type-E PFN coupling coefficients and self-inductances. After more than 70 years since his theory was first published, type-E PFNs are still designed using these approximations. This paper explains how to fully derive the negative inductances and thereby synthesize an entire, type-E network.
Section II presents a review of the theory and synthesis of equivalent lossless PFNs, e.g., type A, B, C, D and E. It explains the process to determine the negative inductances of the type D and then the coupled inductors of the type E. The mathematics and calculations were implemented in the MATLAB symbolic editor MuPAD [3] . Section III shows design examples for each of the five types of networks based on a 3-section topology. Necessary steps and intermediate solutions are shown. The output voltage waveforms of the synthesized networks are compared by SPICE models [4] . The paper concludes in section IV with a summary.
II. THEORY AND SYNTHESIS
This section describes the concept of equivalent networks and in particular, the theory and synthesis methods for types D and E networks.
A. Equivalent Networks
The fundamental or starting network for PFN design and synthesis is the type C shown in Figure 1 . Each shunt LC leg of the network represents a harmonic of the Fourier series. A thorough explanation of the Fourier series methodology is contained in [1, 2] . From this network, equivalent networks can be derived which have identical impedances and output responses. Additionally, normalized coefficients-based on the type of rising edge, e.g., trapezoidal or parabolic, the relative risetime, and the number of sections-are used for both the inductors and capacitors. These normalized coefficients are used in the synthesis process, and after a network has been derived, the calculated values are transformed using pulse width and network impedance to find the values for physical inductors and capacitors [1, 2] . In the figure, subscripts on the capacitors and inductors are 1, 3, 5 to 2 -1 where is the number of sections. Figure 1 . Type-C network with each leg representing a harmonic of the Fourier series.
Using a modified notation from [2] , the driving point impedance of the network of Figure 1 can be formed using the normalized values for the inductors and capacitors 2 
The simple poles and zeros of a proper, LC, lossless, driving-point impedance must alternate along the imaginary axis. The numerators in both (1) and (2) are of degree 2 and the denominators are of degree 2 -1. As a result, Z(s) has poles both at zero and infinity.
Performing the partial-fraction expansion or Foster synthesis technique on (2) yields a driving-point impedance of the form whose type-A circuit realization is shown in Figure 2 [1, 2] . Subscripts are 0, 2, 4 to 2 . The first term on the right side of (3) represents a series capacitor with value = 1/ , the middle summation term represents L-C tank circuits, and the rightmost term, A 2N , represents a series inductor equal to . The and coefficients are found using standard, partial-fraction-expansion techniques [5] . The type-B network of Figure 3 is easily derived from (2) using the Cauer, ladder-expansion technique [2, 5, 6, 7] . Subscripts are 1, 2, 3 to . The coupling coefficients are calculated using
where is the mutual inductance between inductors and , and is the coupling coefficient ranging from 0 to 1. Recall that the sign of the shunt inductors in Figure 4 is negative, but when they are transformed, they are positive for use in (4).
The value of is determined from any of the type A, B or C networks 
B. Synthesis of Types D and E
Guillemin based the derivation of the type-D network on the notion of being able to mathematically subtract an inductance greater than from (3) [1] . If the value of the subtracted inductor is properly selected, the result is that the zeros of (2) and (3) are shifted, and a real root in the numerator polynomial appears 2  2  2  2  2  2  2  4  2  2   2  2  2  2  3  2 1 ...
...
This root is designated where = 0, 2, 4,…, 2 -2, and 2 > 0. Recognizing this real root, instead of only the imaginary roots of a lossless, LC, driving-point impedance, is the key to understanding the derivation and synthesis of the type-D network. Figure 6 shows an expanded version of Figure 4 with additional notation and subsections to help visualize the synthesis process. In general terms, the type D is synthesized by solving a series of impedances, , = 0, 2, 4,…, 2 -2, while removing series and shunt elements. At each even impedance, the and values are determined which are in turn used to find the ne t series and shunt inductors. The starting input impedance , = 0, (not to be confused with characteristic impedance) is that of (1) or (2) depending on user preference.
For example, starting with , and are solved to find 0 and . Removing 0 from Z 0 , yields . After removing the shunt elements, and , from , the impedance is found. With impedance Z 2 known, then and can be calculated which in turn are used to find 2 and , and so forth until all the components have been realized. Beginning with , and recalling that = 0, 2,…, 2 -2, the first polynomial function is defined by [1, 2] , (7) and 2 
(8)
Rearranging (8) , and setting the result equal to zero gives Since is known (5), and is a function of , in (9) can be found by a graphical or iterative technique. Note that < 0 at . Once is determined, is explicitly found using (8), and is found by 1 
(10)
The series inductor is then found using
To continue solving for the remaining components, the next even impedance must be determined, 
and the denominator is given by
in which n has been previously determined by (9). In (14) and (15), it is necessary to perform the division of the two functions and return only the quotient (the remainder should be negligible but likely not zero) because doing so, reduces the degree of the polynomials by two. Calculating the functions in (13)-(15), and solving (12) yields the next even impedance. The mathematics are cumbersome to perform by hand, especially for higher order networks, but are readily solved with computational software. With the next even impedance found, index is incremented, and the next set of components can be determined using (7) -(11) after which, the next even impedance is calculated using (12) through (15).
At the last iteration, the final impedance will be of the form, The value of must be equal to and serves as verification of the synthesis method.
After finding the components of Figure 6 (or Figure 4) , the last step is to transform the type E from the D.
It should be mentioned that an alternative method can be used to find the next, even impedances which is done by mathematically subtracting from , then inverting the function, and removing the parallel admittance of
III. EXAMPLES
This section gives design examples for five types of 3-section PFNs: A, B, C, D and E. The starting point is the driving point impedance of the type-C network. It is not necessary to derive the type A or B networks in order to synthesize the type D because the necessary fixed capacitor value is contained in the type-C network. However, for completeness, the synthesized values for the A and B are included.
A. Type C
The designs will be based on normalized coefficients for a parabolic, 10% risetime, 3-section PFN [2] . These coefficients are listed in Table 1 . Using the mathematics of (1) and the form of (2), the driving point impedance is, As required, the poles and zeros alternate along the axis.
B. Type B
The type-B network is synthesized from (17) using the Cauer technique [2, 5] . The resulting inductor and capacitor values (see Figure 3) are listed in Table 2 . 
The index is incremented, = 2. The plot of (9) is shown in Figure 8 . The final network is shown in Figure 9 with component values rounded to four significant digits. Figure 10 shows an overlay of five, SPICE-circuit output waveforms, one each for the type A, B, C, D, and E networks derived in this paper. The output impedance of each network is 1 driving a matched load. The charge voltage was 100 Vdc and the pulse-width parameter was 1 s [2] . As expected, their respective output responses overlay exactly because they are derived from a common, driving-point impedance. A relatively high number of significant digits was used in the synthesis and simulation of these networks to show that, in fact, their output responses are identical if they are properly synthesized. (MuPAD used 10 digits, and 4+ digits were used in SPICE). With that said, in real world applications, tolerances for inductors and capacitors are actually in the 5 to 10 percent range which will obviously affect the network response. More research needs to be done to understand and quantify the sensitivity of the output waveforms to the various tolerances and other sources of error.
IV. SUMMARY
This paper has reviewed the basics of equivalent PFN topologies and their derivations. The fundamental network, or building block, is the type C from which the other networks are synthesized.
The theory and method to synthesize constantcapacitance type-D and E networks was described. This method begins with the impedance of the type-C network and methodically solves for the series and shunt elements of the type D. Once the type-D network is realized, the type-E is found by recognizing that the inductance around the respective loops of the D and E must be equal. The mutual inductances are converted to coupling coefficients.
To illustrate the methods, type A, B, C, D and E networks were synthesized using normalized coefficients for a 3-section, 10% parabolic rise, 1-ohm impedance, 1-s pulse-width baseline design.
Particular detail and explanation were given to the synthesis of the type D and E networks.
SPICE models of the five circuits were developed and their output waveforms compared. As expected, the waveform responses were identical as they were derived from a common, driving-point impedance.
Future work will investigate the sensitivity of the output waveforms to component tolerances and other sources of error.
V. ACKNOWLEDGMENT
The author thanks J. E. Zumbro, M. T. Crawford, B. T. McCuistian, J. M. Taccetti and D. Barr and for their technical assistance in preparing this manuscript.
